
 

FREE LOOP SPACES AND TOPOLOGICAL

COHOCHSCHILD HOMOLOGY

Joint with Anna Marie Bohmann and BrookeShipley

TODAI Describe a new approach to

homology of free loop spaces
Ha LV k LX Map S X

via topological cotlochschild homology

Than Gromoll Meyer 1969 For M a
simply

Connected closedsmoothmanifold if for some

field k the Betti numbers dimHi LM k

are unbounded then M has infinitely many
distinct closed geodesics in any

Riemannian

metric



HOCHSCHILD HOMOLOGY

let k bea commutatic ring and A

akalsgebra let HHIA denote the

simplicial k module
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There is an associated chain complex

Cola with d EG d

Def HH A Hq C.CAT Tq lHHCAl1
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Ivchschildhmology Doi 70 s

let D be a Cocommutalve coalgelmover

a field k Deline a Colimplicial k module
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There is an associated Cochain complex
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TOPOLOGICAL HOCHSCHILD HOMOLOGY Bokstedt

Algebra Topology
of RAR R

Ring A us Ring spectrum R q R
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Hochschild homology TopologicalHochschild

Handogy

t
Collochschild homology m topologicalcetachichold

Doi homology
Illess Shipley

TOPOLOGICAL COHOCHSCHILD HOMOLOGY Hess Shipley

Algebra Topology
D C Crc

Coalgebra D us coalgebm in

spectra C E c g
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exa lgbminsp.tn
For a space X the suspension spectrum

EFX is a coalgebra

D X xxx

yields comultiplication

EFX EF X E X

ThaHess Shipley Kuhn Malkiewich For X

a simply connected space
COTHH EFX 29 LX

How do we compute the homology

of cotta c



Thin Bohmann G Hogenhaven Shipley Ziegenhagen

let k be a field Caco algebraspectrum There

is a coBokstedt spectral sequence for

Calculating Ha Cottrell k with Ez term

E CoHH Ha Cjk
M agebraic theory

Efdf.FIftT5Ha tHticrsiks

Look at case C EF X



Corollary For X simply connected If for

each s there it an r such that EE's Ess

ELI coHH.CH x k Ha LX k

Goat understand algebraic stricture in

the coBotkstedt spectral sequence

Rrp Angeltreit Rogues If A is commutate

HH IA is flat as an A module HH A

is an A Hopf algebra

Recalt For a commutative ring A and A Hopf

algebra is an A module with

no 0 H Oak H unital

Y A a

Product Massociative
and

unit

4 H HAH Coproduct a co
associativeand

counital

E H A co unit

X H H Antipode

satisfying various compatibilities
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Why is HHS A an A Hopf algebra

IDE For commutate A identify HALA

as simplicial tensor
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simplicialmap my
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X ds ds my X Hala HH A

flip

I

Thin Angeltreit Rogues let R be a commutative

ring spectrum In the Bokstedt spectral sequence

for Ha Thu R ik if each term E's for re 2

is flat over Ha Rik then it is a spectral

sequence of Hopf algebras over Ha Rik

le has a product and a coproduct satisfying

Leibniz rule day day I xdly
coleibniz we Yod do I 104 04

Hope we would like similar structure in

cobokstedt spectral sequence
no algebraic state of

Mfg
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C a coalgebra

over a
field K Def tor

M
a right
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Def let C be a cocommutative coalgebra
over a field k A De Hopf algebra
is a C bicomodule H together with maps
of bicomodules

and
A H HBett coproduct an

Coassociative

counital
E H C counit

product an
associative

M Hach t H and
unital

Y C H unit

X H H antipode

satisfying Various compatibilities

My Det A right CcanoduleMis coflat if
Mac is an exact functor



ThmCBohmann G Shipley For X a simply

connected space and k a field if

Hs LX k is coflat as a comodule over

Ha Xi k then HILLY k is a

DH shik Hopf algebra

Thin Bohmann G Shipley let c be a

Connected cocommutative coalgebra in spectra

If for each rz2 Ent is co flat over Hs Cjk

then the coBokstedt spectral sequence
is a

spectral sequence of Die cask Hopf algebras

Goat compute HaCIXik



Kuribayashi Yamaguchi 19971

For X simply connected space with

11 1 526 Aap Xi Xi Niki odd
where i size 24 2 and ps3 they
computed H 2X 71p

Thm Bohmann G Shipley let to be

a Geldof characteristic p and X a

simply connected space
whose Cohomology

is H Yik Ak Xi Viz Xin

Xilai odd Lj Elite

When int sp

Ha LXik E Ak yi Yin Kfwii Win

as a graded module where

lyil i I wit i 1



For appropriate choices of p recovers

some known calculations of the homology
of freeloop spaces for

Sulu Sp n

Prop TBohmann G Shipley under certain

coflatness conditions

Ez Cottle Hs Cik

is a Die icily bialgebra and theshortest

nonzero differential in lowest total degree maps

from a Basic k algebra indecomposable to

a B Hs Cjk Coulgelone primitive


