
 

Stablehomotopygroups

How to compute with the Adams spectral sequence t related

matters

Not a summary of recent progress

a report on stable homotopy groups in high dimensions

a description of the latest techniques motivichomotopy

theory and deformations

a construction of the Adams spectral sequence t related

matters nor convergence issues SeeRogues's lecturenotes

Goals practical skills for managing complicated spectral sequences

algebraictools tricksmethods techniques

examples

always 2 primary

MahowaldianPhilosoph

manyIt ftp.ompatayftetsmau
the Eggo

computation

Slogan Computation precedes theory



EI Mahowald observed that Extal Fa z could be an Adams

Ez page longbefore tmf was constructed

Ex We computed a lot of d motivic stable homotopy groups
before realizing that A motivic stablehomotopy theory is a

deformation of classical stable homotopy theory

Fitteedobjectsttheirassociatdgraddobjects

A spectral sequence computes the associated graded object of a

filtration on the target of the spectral sequence

This is typicallyviewed as a shortcoming a loss of information

Alternatively the filtration is rich additional structure that aids in

the analysis computation of the target

I prefer to work with Adams En pages only resolving extensions

as needed on the fly

NoteRich additional structure is a recurring theme
the stablehomotopy groups with all additional structure encode
the entire homotopy category of finite finite typeboundedbelow

spectra

Notation When indexinga spectral sequence start with a convenient

notation for the target Thenwork backwards to whatever that
implies about the Er pages



Ey Extent Ez D Its S homologicaldegree
t internalSteenrod algebradegree

I prefer to write n t s Adamschart x coordinate

Extra's Fr F In s homological degree
Adams chart y coordinate

Reindex so that the associated graded objects are aligned
in vertical columns

Ey Serre spectral sequence
H'B H'F Wtae

H j

H Box H SF HE
É

MapstFiltrations

Let A and B have decreasing filtrations FaA and FIB with

associated graded objects Gr A and GraB

GrpA Fpa Fpa A

Let ÉÉA Then XeFpA but x FptA for some p and I EGrpA

Let fi A B k be a filtration preserving map so f Fpa EFpaB
M
shift thefiltrationindex



This induces Grf Gra Gr BCk

Generically if f x 0 in B then Gr f x is non zero in GrBCle

the filtration of x equals the filtration of f x

But it is possible that the filtration of fly is strictly greater
than the filtration of x

Then Gr f x 0 even though f x 0

This is called a hidden value of f

Ex y Tn Tnt induces a map EN En I Adams Ex pages

A hidden extensionby n is a hiddenvalue of this map

Bo M 4 Bo

Xi BitdoBo
m rate x 0 for some value of E

AztE X
I Y az Ite x Po

AstE2428,4 Use the relation ya 0 to define Az

M Azt EzXz E X P dofo for some Ez E do
Change E if necessary so y AstEzra E a p
Then ylastEzra Ite x B Bo

Note Usecaution when definingaway the hiddenextensions

Are the choices for 2 n and u extensions compatible

Ed 2 Tn Tn induces En En 1

This determines the group structure on In



The data Ew Ew D plushidden 2 extensions is preferable

Ey 1Id 1
1 218 07 4 y

2 40 2 2
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