HOMOTOPICAL CATEGORIES NAME:

Reading: Read §2.1 and §2.2 in [Riel4] or §B.1 in [HHR16].

(1) A classof morphisms W in a category C satisfies the two-out-of-three property if given any two composable
morphisms f and g, if any two of f, g, and gf are in W, then so is the third.

(a) Prove that the class of weak equivalences W in a homotopical category € obeys the two-out-of-
three property.
(b) Is the two-out-of-three property equivalent to the two-out-of-six property?

(2) Let C be any category equipped with a collection of morphisms W. We say that W is saturated if
every morphism f in € which becomes an isomorphism in €[W~'] is in W. We say that a homotopical
category is saturated if the class of weak equivalences is saturated (i.e. if f becomes an isomorphism in
ho(@), then f € W).

(a) Prove that if W is saturated, then W has the two-out-of-six property.
(b) Give an example of a homotopical category that is not saturated.

(c) (Optional) Show that the class of weak equivalences in a model category is saturated.

(8) An absolute left (or right) Kan extension is a Kan extension that is preserved by any functor whatsoever.
Let F: € = D: G be an adjunction between homotopical categories € and D. Let LF: ho(€) — ho(D)
be the total left derived functor for F and RG: ho(D) — ho(€) be the total right derived functor for G.
Assume that LF and RG are absolute right/left Kan extensions. Prove that LF is left adjoint to RG.

(4) Let € be a homotopical category and let L: € — ho(C) be the localization functor.

(a) Let c € C. Prove that any natural transformation €(c, —) = F factors through ho(€)(c, —), where
F: € — Set is a homotopical functor.

(b) Let c € C be an object such that C(c, —) is a homotopical functor. Prove that the natural transfor-
mation C(c, —) — ho(C€)(c, —) induced by L is a natural bijection.
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