GENERALIZED COHOMOLOGY NAME:

Reading: [Hat02, Sections 4.3 and 4.E]. For K-theory, [Hat17, Chapter 2], [May99, Chapter 24], and [Zak24]
are good references. However, you don’t need to know a ton about K-theory to do these problems.

(1) Let X be any space. Prove that QX := colim, Q™~™X is an infinite loopspace.

(2) Let E be an infinite loopspace. Give an example of structure/conditions on E that guarantees the asso-
c.iated generalized cohomology theory E*(X) := @i[X, Ei] has the structure of a graded commutative
ring.

(3) Show that the infinite unitary group U is connected as a topological space. Use this to compute K!(S™)
for all i and n.

(4) Let A be an abelian group. A cohomology operation is a natural transformation H™(—A) = HY(— A).
The set of all (stable) cohomology operations forms a ring, called the Steenrod algebra, whose product is
composition of operations.

(a) For fixed m and n, prove that the set of all cohomology operations 0: H™(—A) = H"(—A) isin
bijection with H™(K(A, m); A).

(b) Prove that there are no nontrivial cohomology operations that decrease degree.

(c) For m > 1, prove that the set of cohomology operations H™(— A) — H™(—; A) which preserve
degree are in bijection with the abelian group Hom(A, A).
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