GENERALIZED COHOMOLOGY NAME: SOLUTIONS

Reading: [?, Sections 4.3 and 4.E]. For K-theory, [?, Chapter 2], [?, Chapter 24], and [?] are good references.
However, you don’t need to know a ton about K-theory to do these problems.
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Let X be any space. Prove that QX := colim, Q™X"X is an infinite loopspace.

SOLUTION: The sets {n | n > k} are cofinal, so

QX := colim Q™ E™X = colim Q™ E™X = colim Q*QmMkrnkIkx,
n>0 n>k n>k

Then, since Sk is compact and the maps in the colimit are closed inclusions, it follows that
QX = QFcolim Q™ *E R EkX = Q¥ colim Q™I ERX = QRQIkX.
n>k n>0

This witnesses QX as an infinite loopspace.

Let E be an infinite loopspace. Give an example of structure/conditions on E that guarantees the asso-
c.iated generalized cohomology theory E*(X) := @1[X’ Ei] has the structure of a graded commutative
ring.

SOLUTION: E*(X) is already a graded abelian group. In order for E*(X) to have a graded multiplication,
there must be a map
E(X)¥? = P E'X)@B(X) = EX(X)
i+j=s
which is determined by a collection of maps E'(X) ® EJ (X) — E'*J (X) or equivalently [X, E;{] ® [X, Bl —
[X, Ei1;]. Consider the natural map

X, Ed @ X, E5] = X, Es AEjl: f@ g X 2 XAX 229 B AE;,

Using this, a graded multiplication on E*(X) can be induced from maps E; A Ej — E;;. In order for
the multiplication to distribute over addition, these must be maps of infinite loopspaces. The unit is
determined by a map Z — E°(X) = [X, Eo] which can be naturally obtained by any element of E i.e. a
map S° — Eo. In order for the multiplication to be associative, graded commutative, unital, certain
diagrams must commute (up to homotopy). In particular,

Ei/\Ej/\Ek E— Ei+j/\Ek

| l

EiAEjpx — Bigjix

for associativity,
En —— SOAEL —— Eg AER
E0+n

for unitality, and
|SEAN

i+j

E E
m /
B AE



®)

)

where the symmetry map for the smash product has the appropriate sign. I have been lax with the
details and omitted structure isomorphisms, and this is not really a description of ring spectra anyway.
We will see what the correct notions are later when we discuss ring spectra.

Show that the infinite unitary group U is connected as a topological space. Use this to compute K*(S™)
for all i and n.

SOLUTION: You can show that each U, is path connected though paths of unitary matrices, and this
holds for U too. To compute K-theory of spheres, note that KH(S™) = KO(zisn) = KO(S™H1), so we just
have to compute K°(S™).

[SO,Z x BU] mniseven

KO(S™) =[S",Z x BU] = [£™S°, Z x BU] = [S°,Q™(Z x BU)] =
(SO, U] nis odd

Then mpU = 0 since U is connected. And 719(Z x BU) has Z as the connected components, because
BU is connected (this is true of any classifying space). So the answer is

EO(S“): Z. neven
0 nodd.

Let A be an abelian group. A cohomology operation is a natural transformation H™(—A) — HM(— A).
The set of all (stable) cohomology operations forms a ring, called the Steenrod algebra, whose product is
composition of operations.

(a) For fixed m and n, prove that the set of all cohomology operations 0: H™(— A) = H"(—; A)isin
bijection with H™(K(A, m); A).
SOLUTION: Recall that reduced cohomology H(—;A) is represented by [, K(A,n)]. By the
Yoneda Lemma, there is a natural isomorphism:

(b) Prove that there are no nontrivial cohomology operations that decrease degree.

SOLUTION: By part (a), it suffices to compute H™(K(A,n);A), where m < n. The statement
is trivial if n = 0, so assume n > 0. Let’s handle the n > 1 case before considering n = 1.
Since K(A,n) is (n — 1)-connected, by the Hurewicz theorem we have that H™(K(A,n);A) =
T (K(A, 1)) = 0 for all m < n. The Universal Coefficient Theorem gives an isomorphism:

H*(K(A,n);A) = Ext(Hx_1(A;Z), A) @ Hom(Hy (A; Z, A)

So HX(K(A,n);A) = 0 for 0 < k < n, and hence H™(K(A,n); A) = H™(K(A,n);A) = 0 (since
m > 0). Therefore, there is a unique natural transformation that decreases degree and it is
necessarily the trivial natural transformation.

Now consider the n = 1 case:

If the map H™ (X;A) — HO(X;A) = A sent x — a, it would not be additive. So it must be trivial.



(c) For m > 1, prove that the set of cohomology operations H™(— A) — H™(—: A) which preserve
degree are in bijection with the abelian group Hom(A, A).

SOLUTION: By part (a), cohomology operations which preserve degree are in bijection with
H™(K(A,n);A). Again by the Hurewicz theorem, Hy, (K(A,n);A) = 0 for 0 < m < n and
Hn (K(A,n);A) = mr (K(A,n)) = A. Thus, the Universal Coefficient Theorem gives an isomor-
phism:

H™(K(A,n);A) = Hom(H, (K(A,n);Z),A)
= Hom(A,A)
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