
SEQUENTIAL SPECTRA NAME:

Reading: [Mal23, Sections 2.1, 2.2, and 2.3].

(1) Let X0
f0−→ X1

f1−→ X2
f2−→ · · · be a sequence of spectra. Show that the homotopy colimit [Mal23,

Definition 2.3.17] of this sequence commutes with stable homotopy groups, in the sense that

πk (hocolimn Xn) = colim
n

πk(Xn).

(2) Eilenberg-MacLane spectra are characterized by their homotopy groups: if any other spectrum X

satisfies πiX = 0 for i ̸= 0, then X ≃ H(π0X).

(a) Prove that H(Z/p) is stably equivalent to the homotopy cofiber of the map obtained by applying
the functor H to p : Z → Z.

(b) The rationalization SQ of the sphere spectrum S is the homotopy colimit of the diagram

S
1−→ S

2−→ S
3−→ S

4−→ S
5−→ S → · · ·

Prove that SQ is stably equivalent to HQ.

(3) Let Top∗ be the category of well-based spaces∗. Let ev0 : Sp → Top∗ be the functor that evaluates a
spectrum at its zeroth space: ev0 X = X0.

(a) Prove that Σ∞ is left adjoint to ev0.

(b) For any spectrum X, let Ω∞X := ev0 RX, where R is the fibrant replacement functor [Mal23,
Proposition 2.2.9]. Use [Rie14, Exercise 2.2.15] to prove that there is an adjunction

Σ∞ : ho(Top∗) ⇆ ho(Sp) : Ω∞.

(4) Show that a fiber sequence of spectra X → Y → Z yields a long exact sequence in homotopy groups.
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∗Recall that a pointed space X is well-based if the inclusion of the basepoint is a cofibration. This guarantees that the
reduced suspension of X is equivalent to the homotopy pushout of ∗← X→ ∗.
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