
STABILITY NAME:

Reading: [Mal23, Sections 2.4 and 2.5].

(1) Consider the commuting square of spectra

A B

C D

f

g

(a) Prove that this square is a homotopy pushout if and only if the induced map of homotopy cofibers
cof(f) → cof(g) is a stable equivalence. Dually, this square is a pullback if and only if the induced
map fib(f) → fib(g) is an isomorphism.

(b) Use this fact to prove that a commuting square of spectra is a homotopy pullback if and only
if it is a homotopy pushout. You may use the fact that the suspension and loops functors are
homotopy inverses: Σ−1 ≃ Ω.

(2) A semiadditive category is a category A with a zero object 0 that admits all finite products and coproducts,
such that the canonical morphism X⨿ Y → X× Y is an isomorphism.

(a) Show that ho(Sp) is a semiadditive category.

An additive functor between semiadditive categories is a functor that preserves the zero object and
preserves finite products/coproducts.

(b) Is the Eilenberg–MacLane spectrum functor H : Ab → ho(Sp) an additive functor?

(3) Let k ≥ 0. Define the shift functor shk : Sp → Sp by shk(X)n = Xk+n.

(a) Prove that there is a natural stable equivalence Σ ≃ sh1.

(b) Define functors shk for k < 0. Prove that sh−1 ≃ Ω.
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