STABILITY NAME: SOLUTIONS

Reading: [Mal23, Sections 2.4 and 2.5].

(1) Consider the commuting square of spectra

$>B

A
c—2+D
(a) Prove that this square is a homotopy pushout if and only if the induced map of homotopy cofibers
cof(f) — cof(qg) is a stable equivalence. Dually, this square is a pullback if and only if the induced
map fib(f) — fib(g) is an isomorphism.
SOLUTION: First we recall a few lemmas that will be useful.
Pasting Lemma. Consider the following commutative diagram in a category C with pushouts:

A— B ——C

Ll

X—Y —1Z7

such that the left square } 7} is a pushout. Then the following are equivalent:

XY
e The right square " { is a pushout.
Y Z
 The whole rectangle 4~ { is a pushout.
X —>Z
This lemma also holds for homotopy pushouts — a quick sketch of that argument can be found in
the solutions for homework 3. There is also a dual notion for pullbacks and homotopy pullbacks:

see [nLa].

Lemma. Consider the following square in 8p,

A— B

|
c—25D
where h is a stable equivalence. Then k is a stable equivalence if and only if the square is a
homotopy pushout.

Now for the solution to the problem. Take homotopy cofibers of both f and g, realized as

homotopy pushouts of * «+ A 5 Band * « C 2 D. Assemble these diagrams into a cube as

below:

A—>=>" B

AN ™~

* cof(f)



Note that the dashed map cof(f) — cof(g) is the map induced on pushouts by the maps between
diagrams

f
k +—— A ——

— ™

i 9

¥ +—— C —— D

Also note that by construction, the top and bottom faces are homotopy pushouts, and the front

of the cube ﬁ 7 s a homotopy pushout if and only if the induced map cof(f) — cof(g) is a

* = cof(g)
stable equivalence by the second lemma.

1y f
(=) Assume that the square % 7 ? is a homotopy pushout. Then all three of the top | "¢ ,
i‘) D * —» cof(f)

9
bottom | "% andback } f
* — cof(g) C

the front ﬁ - Coif) is a homotopy pushout as well. First consider the back and bottom of the cube

* = cof(g)
together

R

A —T<+—=

of(g)

Both of these are pushouts, so by the pasting lemma (rotated), so is the whole outer rectangle.
This outer rectangle is the same outer rectangle as the front and top of the cube put together:

|

M/,

of (f

e x>

|

)
cof(g)

Now in this rectangle, we know that the outer rectangle and the top square are pushouts. So again
by the pasting lemma, the bottom square is a pushout. By the second lemma, this is equivalent to
cof(f) — cof(g) being a stable equivalence.

(=) Assume that cof(f) — cof(g) is a stable equivalence. The strategy for this direction is to

take the homotopy pushout P = CUR B of C + A L, B and show that the map P — D is a stable
equivalence.

To that end, let P be the homotopy pushout as below:

0 >
.
T+— ™

J

N



This fits into the cube as below, where cof(g’) is the homotopy cofiber of g': C — P:

A f B

* cof(f)
= ¥ ) /
cof \

* cof(g)

Within this outer cube, we have a smaller cube

A—>B

s P

I

—— cof(g’).

whose back, bottom, and top are all homotopy pullback squares. By repeatedly applying the

pasting lemma first to the back and bottom and then to the top and front, we learn that the

front of the cube i% M isa homotopy pullback square. This means by the second lemma that
* = cof(g’)

cof(f) ~ cof(g’).

By assumption, we also had cof(f) =~ cof(g). Hence, by the two-out-of-three property for stable
equivalences, cof(g) ~ cof(g’).

Now consider the map of cofiber sequences

c2yp cof(g’)

b L

c2spD— cof(g)

This induces a map of long exact sequences:

« —— M4 cof(g’) —— m C P 1 cof(g’) —— m_1C —— -+

Eb b E

- ——— Ty cof(g) —— mr C LN D —— m, cof(g) —— m 1C —— -+

w



Then by the five-lemma, we must have that h, is an isomorphism. Hence, h: P — D is a map
which induces isomorphisms on homotopy, so it is by definition a stable equivalence.

Finally, this shows that D is stably equivalent to the homotopy pushout of C «— A 5B, so by

definition § 7 { is a homotopy pushout square.
C3D

(b) Use this fact to prove that a commuting square of spectra is a homotopy pullback if and only
if it is a homotopy pushout. You may use the fact that the suspension and loops functors are
homotopy inverses: £~ ~ Q.

SOLUTION: Given a homotopy pushout square of spectra

A—"4B
I
c—25D

7

part (a) shows that cof(f) — cof(g) is a stable equivalence. Since fib(f) ~ Q) cof(f) and fib(g) =~
Q cof(g), then fib(f) ~~ fib(g) as well. Then by the dual to part (a), the square is also a pullback.

To reverse the argument, apply the functor ¥ to the equivalence fib(f) ~ ) cof(f) to see that
2 fib(f) ~ cof(f).

(2) A semiadditive category is a category A with a zero object 0 that admits all finite products and coproducts,
such that the canonical morphism X II'Y — X X Y is an isomorphism.

(a) Show that ho(Sp) is a semiadditive category.

SOLUTION: For this, we can combine previous results from class and from the homework. The
zero object is the zero spectrum/point spectrum *. We know Sp has all finite products and
coproducts, which are also the homotopy product and the homotopy coproduct. So by an exercise
on homework 2, products/coproducts in 8p are also the products in ho(8p). Finally, we saw in
class that X V'Y o~ X x Y, so products and coproducts in the homotopy category agree.

An additive functor between semiadditive categories is a functor that preserves the zero object and
preserves finite products/coproducts.

(b) Is the Eilenberg-MacLane spectrum functor H: Ab — ho(8p) an additive functor?

SOLUTION: Yes. This question is asking if H(A @ B) ~ HA V HB and if H sends the zero object to
the zero object.

The zero object in Ab is the zero abelian group, and the zero object in &p is the point spectrum.
HO is the spectrum whose n-th space is K(0,n) = *, so it is the point spectrum.

Note that HA x HB ~ HA V HB, so it suffices to show that H(A & B) ~ HA x HB. This is true
because 7 (X X Y) = 7t (X) @ 1t (Y), so K(A @ B,n) = K(A,n) x K(B,n). The result for spectra
follows.

(3) Letk > 0. Define the shift functor shy.: Sp — Sp by shy (X)n = Xk 4n.

(a) Prove that there is a natural stable equivalence ~ ~ shj.

NOTE: The solution below is very subtly wrong. For an additional exercise, spot the error
(revealed below).

SOLUTION: There is a natural map o : £X — shj X given by the structure map:

on: (EX)n =X = Xpae1 = (shiX)n



in degree n. We must show that o induces an isomorphism on all homotopy groups. We have the
following commutative diagrams for all k induced by o:

(Zon)soX
— ﬂkJrTL(ZXTI) — T4n+1 (ZXH+]) O

(on)x (Gn+1)*

— Tn(Xng1) m Ten+1(Xng2) ——

The colimit of the top row as n — oo is m (£X) and the colimit of the bottom row is 7 (shyX).
Hence, o, : m (ZX) — i (shy X) is the colimit of the maps (o)« @ T4k (EXn) — Tk (Xn1)
as n — oo. This induced map is the isomorphism seen in class (see also [Mal23, Remark 2.4.2]
and hence o is a stable equivalence.

REVEAL: The error above is that the map o: X — sh; X above is only defined up to homotopy,
and is not a well-defined map of spectra. To get around this, you must build a zig-zag of stable
equivalences between X and sh; X. See also [Mal23, Chapter 2, Exercises 18 and 19].

(b) Define functors shy for k < 0. Prove that sh_; ~ Q.
SOLUTION: If k < 0, define the shift functor shy : Sp — Sp by:

* ifk+n<0
sh(X)n = ,
Xkin otherwise

We have the natural map sh_1X — QX given by inclusion of the basepoint * — QX in degree
zero, and the adjoints of X’s structure maps (sh_1X)n = X,_1 — QX;, for n > 1. This map
is a stable equivalence because it induces exactly the isomorphism 7, (QX) — 741 (X) =
Tim (sh_1X) seen in class.
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