CELLULAR SPECTRA NAME:

Reading: [Mal23, Section 2.6].
(1) Recall that the free spectrum functor Fr.: Top, — 8p can be described by Fr,K >~ Z~"X*°K forany n € Z.

(a) Whenn > 0, prove that F;, is left adjoint to evaluation evy, : §p — Top,, where evy, is the functor
that takes the n-th space of a spectrum: evy X = X,.

(b) Does Fy, have a right adjoint when n < 0?

(2) Consider the homotopy pushout/pullback square of spectra:
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Prove that there is a Mayer-Vietoris-type long exact sequence of spectra:
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(3) A spectrum X is called n-connected if 1; X = 0 for i < n, or n-connective if ;X = 0 for i < n. Let
X =Y — Z be a cofiber/fiber sequence of spectra.

(a) Prove that if X and Z are n-connected, then sois Y.
(b) What can you say about connectivity of Z if X and Y are n-connected? What can you say about
connectivity of X if Y and Z are n-connected?
(4) Prove that the following three conditions are equivalent:
(a) Xis a finite spectrum, i.e. X is stably equivalent to a cellular spectrum with finitely many stable
cells.
(b) Xis stably equivalent to a free spectrum Fi K o~ £~*£%°K for a finite cell complex K.

(c) Xisbounded below and the direct sum of the homology groups @, Hy (X;Z) is finitely generated
as an abelian group.
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