THE SMASH PRODUCT NAME:

Reading: [Mal23, Sections 4.1 and 4.3] and the introduction to [Lew91].
(1) Define spectrum structure maps for a “fake smash product” Agpe: Sp X Sp — Sp with n-th space
(X Nake Y)n = Xn A Y.
Argue that, with your choice of structure maps, (8p, /\ake, S) is 70t a symmetric monoidal category.

(2) (a) Let C be a category that is both additive and symmetric monoidal with product ® and unit I.
Assume that ® preserves coproducts in each variable separately. Prove that the product induces
bilinear maps

CA,B) x E(X,Y) = CA®X,B®Y)

(b) Show that there is no natural transformation in the stable homotopy category 5: X — X /A X that
agrees with the diagonal on suspension spectra

Tk ZZ4, §O(K AK) = Z°K A Z°K.

Hint: argue by contradiction and apply & to S 2.

(38) Assume that we are given a closed symmetric monoidal category of spectra (8p, A, S) such that A
preserves colimits and weak equivalences in each variable separately, and for any pointed space K,
Z®KAX = KAX. The right adjoint to X /A — is the function spectrum F(X, —). Write S™ := Z>°S™,.

(a) Prove that for any integer n € Z, the smash product 5™ A X is isomorphic to Z™X.

(b) Prove that for any integer n € Z, the function spectrum F(S™, X) is isomorphic to Z~™X.

(4) Let X be an HIF,-module spectrum. What does this imply about the homotopy groups of X? Can you
say anything about the homology groups?
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