
SYMMETRIC & ORTHOGONAL SPECTRA NAME:

Reading: [Mal23, Sections 6.1 and 6.2] and [Sch23, Section 1].

(1) Let X be a symmetric spectrum such that Σn acts trivially on Xn for all n.

(a) Prove that the orbit space (Sn)Σn
is contractible for all n ≥ 2, with Σn-action on Sn by permutation

of coordinates, viewing Sn as the one-point compactification of Rn.

(b) Show that the (naive) homotopy groups of X are trivial.

(2) A symmetric ring spectrum is a symmetric spectrum R together with Σn ×Σm-equivariant multiplication
maps µn,m : Rn ∧ Rm → Rn+m and unit maps ι0 : S

0 → R0 and ι1 : S
1 → R1satisfying associativity,

unit, multiplicativity, and centrality conditions (see [Sch07, Definition 1.3]).

Show that a symmetric ring spectrum in the sense above is a monoid in the monoidal category of
symmetric spectra, with smash product as in [Mal23, Definition 6.2.1].

(3) Cobordism of manifolds is captured by the spectrum MO. Read about this spectrum in [Mal23,
Example 2.1.20] and [Sch07, Example 2.8].

(a) Prove that there is a pullback square of vector bundles

γn ⊕ γm γn+m

BO(n)× BO(m) BO(n+m),

where γk → BO(k) is the tautological bundle.

(b) Use the pullback square to produce multiplication maps µn,m : MO(n)∧MO(m) → MO(n+m)

for all n,m ≥ 0.

(c) Define unit maps ι0 : S0 → MO(0) and ι1 : S
1 → MO(1).

(d) Show that these maps make MO into a commutative ring orthogonal spectrum.
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