OPERADS NAME: SOLUTIONS

Reading: Good introductions to operads include the following: [Bell7, Bral7, Sta04, Sar17]. Pick whichever
reference that you find most accessible. The survey article [Man22] is a much more comprehensive overview
of operads in stable homotopy theory, but it is also much more technical.

(1) Let X be a grouplike Ey-algebra in Top, for some k > 2. Show that 7o (X) and 7t7 (X) are abelian groups.

SOLUTION: You can check this explicitly using the definition of an algebra over an operads, but it’s a
one-liner using the recognition principle: if X is an Ey-algebra, then X ~ QXY for some space Y. Hence,
71 (X) = 711 (QFY) = 714 Y and 719 (X) = 7y Y. Since k > 2, these are abelian groups.

(2) Let (€, ®,1) and (D, ®, ]) be symmetric monoidal categories enriched in Top,, and let O be an operad
of pointed spaces. Let F: € — D be a lax symmetric monoidal functor.

(a) If X is an O-algebra in €, show that F(X) is an O-algebra in D.
SOLUTION: Given an O-algebra in €, we have a morphism of operads O — Ende(X). To get an
0-algebra structure on F(X) in D, we must build an operad morphism O — End (F(X)). Thus, it
suffices to define an operad morphism Ende(X) — Endg (F(X)), and composing with the map
O — Ende(X) gives the O-algebra structure on D.

To that end, note that the n-th space of Ende(X) is

C(X®™, X).
The functor F takes f: X*™ — X to F(f): F(X®™) — F(X). Because F is lax symmetric monoidal,
we may then precompose with nn : F(X)®™ — F(X®™) to get

F(f)
—

F(X)om Ao Fx®m) F(X),

and this defines a map
Wn: Ende(X)(n) = €(X®™, X) = D(F(X)“™, F(X)) = Endp (F(X))(n).

Note that when n is zero, we must use the map ] — F(I) from the unit of D to the functor F
applied to the unit of C.

Note that the unit of the operad Ende(X) is idx € €(X, X), and F(idx) = id(x), so ¥ preserves
units of these operads.

It remains to show that this commutes with the structure maps of the operads. For brevity, let
P = Ende(X) and let Q = Endp (F(X)). This amounts to showing that the following diagram
commutes:

PM) x P(i1) X -+ X Plin) —— P(i1 +...+1in)

Wi Wiy X x Wiy ryi]+...+in
Qn) x Q1) x -+ x Qin) —— Q(i; +...+1in)
To that end, let f: X*™ — X and fj: X¥Y — X. We compute:
Y(f) o (Y(f1) ©--- ©¥(fn)) = (F(f) onn) o ((F(f1) omi,) © - -+ @ (F(fn) oy, ))
(f)o (F(f1) @ @F(fn) 0Ny 1oty )
(fof1 ® - @Fn) oNiytetin
Y(fofi®: - ®fn).

F
F

The first line is the definition of V¥, the second is the symmetric monoidal properties of F, the third
is naturality of , and the fourth is the definition of ¥ again.



(b)

If F is strong monoidal with right adjoint G: D — €, show that F 4 G induces an adjunction
F: Alg,(C) S Algy(D): G

between the categories of O-algebras in € and O-algebras in D.

(3) Let 3520 be the full subcategory of Sp on the connective spectra.

This question comes from [?, Section 1.3.3].

(@)

(b)

Show that there is an adjunction 7y : ho(gfnzo) S Ab: H.
SOLUTION: Recall that the morphisms in ho(8p) are the homotopy classes of maps [X, Y]. The
maps are the same for connective spectra because it’s a full subcategory. We have:

X, HA] = HO(X; A)

by Brown Representability, where H°(X; A) is the zeroth cohomology of the spectrum X with
coefficients in A. By the Universal Coefficient Theorem and the fact that X is connective, we have

[X, HA] = HO(X;A) = Homy, (HO(X;Z), A).
Then by the Hurewicz theorem, we have
(X, HA] = HO(X; A) = Hom 4, (H°(X; Z), A) = Hom 4 (10X, A).

This chain of isomorphisms is the required chain of isomorphisms to realize the adjunction.

Alternatively, one can build the unit and the counit of the adjunction and explicitly check the
triangular identities. The unit of the adjunction is the map from X to its” zeroth Postnikov
section X — PyX. Because X is connective, PoX = H(mpX). The counit of the adjunction is the
identity homomorphism mpHA — A. The triangular identities follow from HmrpHA ~ HA and
moHmp X = mp X.

Let A be an abelian group. Show that the endomorphism operads End 5 (HA) and End 4 (A) are
weakly equivalent as operads in Top.,.

SOLUTION: Let Map(X,Y) denote the space of maps between two spectra [?, Definition 2.3.12].
Recall that 1o Map(X,Y) = [X, Y]. We want to show that Map(X, HA) is equivalent to the discrete
space Hom 41 (o X, A) when X is a connective spectrum.

Using the adjunction from the previous part:

7o Map(X, HA) = [HA”\™, HA] = Hom(7p(HA”\™), A) = Hom(A®™, A)

You need to know that 7o (Y/\) = (715 Y)®™, but this is true for connective spectra. One can see
this from the Kiinneth spectral sequence or the fact that ,,(HA A HB) = Torn (A, B).
We also have:
mtn Map(X, HA) = 1o Q™ Map (X, HA)

= 1o Map (XX, HA)

= [Z™X, HA]

= Hom(my(Z™X),A)

= Hom(0,A) = 0.
Therefore, Map(X, HA) is homotopy equivalent to the discrete space Hom(7pX, A). In particular,

Map(HA\", HA) is homotopy equivalent to the discrete space Hom(A®™, A), so the spaces in
the operads Endg; (HA) and End 41, (A) are equivalent.

Since the Eilenberg-MacLane functor H: Ab — ho(8p) is fully faithful, the operad composition in
both operads are the same.
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Show that the structure of an O-algebra on HA is equivalent to the structure of an 71y (O)-algebra on
A, where 71 (0) is the operad in (Set, x, {*}) constructed from O by taking 75 (0)(n) = 7 (O(n)).

SOLUTION: An O-algebra structure on HA is a map of operads O — Enclg]\j (HA). By the previous
part, this is equivalently a map O — End 41, (HA). Since the target is discrete, this is equivalent to
a function 71y (0) — End 41, (HA), which is a 71y (0)-algebra structure on A.

One can also check that the structure maps of an operad are preserved.

If A is a commutative ring, show that HA is an E-algebra.

SOLUTION: Let O be an Ex-operad. Then 7y (0O) is the commutative operad, and A is a 7y (O)-
algebra. By the previous part, HA is an O-algebra and O is an Ex-operad.

Here’s an alternative (much simpler) solution: A commutative ring A is an E-algebra in Ab, so
by 2(a) and the fact that H is lax monoidal, HA is an E,-algebra in Sp.
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