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Suggested Use. This document contains a wide sampling of introductory exercises related to
Hopf algebras, rings, and algebroid in algebraic topology. It is recommended to skim the entire
article, and then select a smaller subset of exercises that interest you to work through before
the workshop begins. Exercises are grouped by topic:

1. [Hopf Algebras]
2. |[Abelian Hopf algebras and formal groups|
3. |[Ravenel-Wilson Hopf ring techniques|
4. [Hopt rings and Dieudonné theory|
5. [Hopf rings in cohomology| |Z|
6. |[Hopf algebroids and computations| Bl

1. HOPF ALGEBRAS

These definitions and exercises are meant to accompany Milnor’s The Steenrod algebra and
its dual [g].

Definition 1.1. A bialgebra is a monoid in the category of coalgebras or equivalently a comonoid
in the category of algebras.

Definition 1.2. A Hopf algebra is an (associative and coassociative) bialgebra H over a field k
together with a k-linear map S : H — H (called the antipode) such that the diagram
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H®H — H®H
commutes. Here A is the comultiplication of the bialgebra, V is the multiplicaiton,n is the unit,

and 7 is the counit.
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1.1. Hopf algebra exercises.

(1)

This problem will lead you to prove that Milnor’s definiton of a connected Hopf algebra
(A, 4, ¢«) as a connected graded algebra with unit (A, v.) together with a homomor-
phism

satisfying usual properties of a graded coproduct [8, Properties 2.1 & 2.3] is a graded
instance of the above definition. We will make use of the following definition.

Definition 1.3. [9, Definition 8.1] If A is a connected coalgebra and B is a connected
algebra, let G(A, B) denote the set of morphisms of modules f : A — B such that fj is
the identity on k. If f,g € G(A, B), let f * g be the composition

AN A041% BB S B

(a) Prove [9, Proposition 8.2] If A is a connected coalgebra, then G(A, B) is a group
under the operation * with identity

ASEDL B
(b) If A is a connected Hopf algebra, use part (a) to define the antipode on A |9,
Definition 8.4].
(c) Show Milnor’s definition of a connected Hopf algebra (A, 1., ¢. satisfies the prop-
erties of Definition [[.2]
2. ABELIAN HOPF ALGEBRAS AND FORMAL GROUPS

(Contributed by Tilman Bauer)

The following questions (esp. (1)-(3)) are not all so straightforward that a newcomer could
sit down and solve them without looking at the literature. One could use Fontaine, Groupes
p-divisibles sur les corps locauz, Chapter I as a reference, although it requires translating both
from scheme-speak to Hopf algebra-speak and from French to English.

(1)
(2)

3)

Let k be a field. Show that the category of abelian (i.e., commutative and cocommuta-
tive) Hopf algebras over k is abelian.

Let k& be an algebraically closed field and A an abelian Hopf algebra. Show that A
naturally splits as a tensor product k[G]®y A", where k[G] is the group ring of a (uniquely
determined) abelian group G and A" is unipotent (conilpotent).

As an extension of the previous problem, show that if k& is merely perfect (but not
necessarily algebraically closed), then we still have a natural splitting A = A™ ® A"
with A" unipotent and A™ of multiplicative type, i. e. a Hopf algebra which becomes
isomorphic to a group ring after tensoring up to k.

Recall the fundamental theorem of coalgebras: every coalgebra over a field k is a filtered
colimit of finite-dimensional coalgebras. A commutative formal group over k is a func-
tor G from finite-dimensional k-algebras to abelian groups whose underlying set-valued
functor is a filtered colimit of representable functors. Show that the category of com-
mutative formal groups is equivalent to the category of abelian Hopf algebras via the
following map, where A is an abelian Hopf algebras, x is a finite-dimensional k-algebra,
C runs through all finite-dimensional subcoalgebras of A, and C* is its k-linear dual:

A (k + colimc Homy, (C*, K)).

(When identifying abelian Hopf algebras with the opposite category of affine commuta-
tive group schemes via the Spec functor, this is called Cartier duality.)
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(5) Under the above equivalence, which Hopf algebras correspond to the formal groups G,
and G,,?

3. RAVENEL-WILSON HOPF RING TECHNIQUES

The exercises in this section are meant to give a solid introduction to Ravenel-Wilson style
Hopf ring techniques. They accompany the results of [19, (14} |4} 12, 3].

3.1. The mod p-homology of Eilenberg—MacLane spaces exercises.

(1) Show that the tensor product is a product in the category of coalgebras.
(2) Show that a Hopf algebra is a group object in the category of coalgebras.
(3) Show that a Hopf ring is a ring in the category of coalgebras and deduce the associativity
law.
(4) Let
E(x) =Z/pL[z]/(z*)  and  T(x)=Z/pZla]/(aP)

denote the exterior algebra and height p truncated polynomial algebra, respectively.
Compute:
(a) TOTE(x)(IFp,Fp)
(b) Tor™@)(F,,F,) (it may be helpful to see [10, Borel transgression Theorem 12.11.2])
(5) Write the Serre generators for the cohomology of the first few Eilenberg-MacLane
spaces (see, for instance, the section on the cohomology of Eilenberg-MacLane spaces
in Hatcher’s Spectral Sequences Chapter). Compare these with the Ravenel-Wilson
homology generators for the same spaces.
(6) Use the bar spectral sequence and bar spectral sequence pairing to compute

Ef,* = TOTH*(K(Z/ZJZO);FP)(F% FP) = H.K1 = E[eh a(l)]

and

B}, = Torft- (REMEVEN R, F)) = H.Ky 2 Eler 0 a), agy) © 0(), B)]

Xk T

in the notation from pg. 52 of the Brown-Peterson homology sampler.

3.2. The Hopf ring for complex cobordism exercises.

(1) Let C be a category with finite products and a terminal object N¢, D be a category
with finite products and a terminal object Np, and F' : C — D be a product preserving
functor, that is, a functor F such that F(N¢) = Np and there is a natural equivalence
of functors

F(OUF(-) = F(-I1-)

from C x C to D. Prove that if X, is a graded ring object over C, then F(X) is a graded
ring object over D [14, Lemma 1.1].

(2) The cobordism group of complex maps of codimension 2n is the complex bordism group
MU.MU,, and MU,MU is the cobordism group of all maps with even codimension [18].
The additive and multiplicative products in MU induce products in MU,MU, which
can be described geometrically. First observe that the additive product is the H-space
structure on MU, which arises from the fact that it is a loop space; the multiplicative
product is induced by the Whitney sum maps
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Prove that if f; : M; — N;, i = 1, 2 represents an element of MU,MU, then their
multiplicative and additive products are represented by

f1Xf2:M1><M2—>N1><N2
and
fix1Ulx fo: My x NoUN;p X My — Ny X No

respectively [14, Proposition 2.2].
Recall E*C P> = E*[[z]]. Let B, € FE2,CP> be dual to 2" and define

B(r)=>_ Bir'.
>0

Unpack the notation in the proof of |14, Theorem 3.2] to show
B(s)B(t) = B(s +r1).

3.3. The structure of spaces representing a Landweber exact cohomology theory
exercises.

(1)

Let E = {E,} be a multiplicative Q-spectrum with a Kiinneth isomorphism and consider
v € m_,(F) as an unbased map

v: point — E,.

Select a generator 7 of Hy(point, R), where R is a commutative ring. Define [v] as the
image under v, of 7. Show

[0] * [w] = [v + w]
[v] o fw] = [vw]
Plv] = [v] @ [o]

Let E*(—) be a complex oriented cohomology theory. Show that there is a ring map
MU, — E, (this is either trivial or a theorem depending on your definition of complex
oriented). Furthermore, observe that if

is a homology theory, then this homology theory is naturally isomorphic to E.(—) on
finite complexes.

Landweber’s original statement of the exact functor theorem says that a ring map
MU, — FE, specifies a homology theory

MU*(_) MU, E.
if and only if, for each prime p, the image of the sequence vy, vy, ... in F, is regular. Note
that H.(—;Z/p) and KU,(—) are both complex oriented, so that we have ring maps
MU, — Z/p and MU, — KU,. Using the LEFT, show that the first map does not
define a homology theory, but that the second map does.
Hint: Use the fact that the formal group law corresponding to H*(—;Z/p) is
Flz,y)=z+y
and the formal group law corresponding to KU*(—) is

F(z,y) =z +y—vizy



3.4. The HF,-homology of Cs-equivariant Eilenberg—MacLane spaces exercises.

(1)
(2)

(3)

(4)

(5)
(6)

Convince yourself that K (Fq,0) ~ B?F is the space of lines in R*”.
Try this exercise if you haven’t seen equivariant cohomology theories before.

Classically, the best way to compute things like HF5(X) is to have a cell structure on
X and use the cellular cochains. We can do a similar thing equivariantly. Equivariantly
we have G-cells which are spaces of the form G/Hy A D" for subgroups H C G and
n € N. If we can construct a G-space X inductively by attatching n-cells to a X! via
equivariant maps

G/Hy NOD" — X" !

we call X a G-CW complex. Suppose X has a G-equivariant cell structure and let C,,(X)
be the free abelian group on the set of n-dimensional G-cells. Note that the generators of
this group have a natural G-action. Then for an abelian group A with trivial Cs-action
we can consider equivariant homomorphisms

Hom§ (C,(X), A)
and nonequivariant homomorphisms
Homyz(Cp(X), A).

Each will give rise to a chain complex in the usual way. The first of these computes
the top level of the cohomology Mackey functor H A7 (X) and the latter computes the
underlying. Note: the coefficients here are the constant Mackey functor A.

(a) Give Cy-equivariant cell structures to S, 527, and S1*¢

(b) Compute the cohomology C>-Mackey functors (HF2)g, (X) for each of the X above
using the G-cell structures.

Show that for a : S — S~ the inclusion of fixed points, the cofiber is Ca ~ (C3); in
Sp©.

Check that
(HF2)$? (F3') 2 (HF,)$? (Fa)®,

where F2* has the Cy-action
(a1,..,ar) = (ag, ..., ar).

[Hint: This is a norm. Can use this.]
Try and work out the Bar and twisted Bar spectral sequences computing (HF2)? (K1 4,).

Prove that the diagonal map A : Ky — Ky A Ky gives rise to a coproduct
(HF2)$?(Ky) — (HF)$? (Kv) @) (HF2)$ (Kv).

Compute the coproduct on the generators (e,,))” of (H )2 (K.o).

4. HOPF RINGS AND DIEUDONNE THEORY

(Contributed by Tilman Bauer and Sarah Petersen)

The exercises in this section are meant to serve as an introduction to Hopf rings and Dieudonné

theory.

They accompany the results of [2, [11].


https://arxiv.org/pdf/1910.00664.pdf
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4.1. Hopf ring exercises. Background: the tensor product of abelian Hopf algebras X, as
defined in Goerss’s paper [2]. Also, Buchstaber-Lazarev, or, in a pinch, Bauer-Carlson, although
that mostly treats the more complicated case of tensor products of affine abelian group schemes.
(1) Show that k[G] K k[H] = k|G ®z H] for any field k£ and abelian groups G, H.
(2) How can you, in general, describe the tensor product of Hopf algebras of multiplicative
type?
(3) Show that AKX B is unipotent if either of A or B is unipotent.
(4) A Hopf ring can be thought of as a monoid for X. Show that a nontrivial Hopf ring
cannot be unipotent (Hint: 0 and 1 have to lie in different components).

4.2. Dieudonné module exercises. Assume throughout that k is perfect and of characteristic
D.

(1) Show that, even in the ungraded setting, the category of abelian Hopf algebras is iso-
morphic to the direct product of the category of abelian groups and the category of
V-nilpotent R-modules, where R is the Dieudonn ring (Z,[F,V]/(FV —p) when k = F,,
a Frobenius-twisted version of this if k is an extension of F,,).

(2) Describe explicitly the Hopf algebras over F,, corresponding to the following Dieudonn
modules:

(a) R/(V)
(b) RIV-1/R
() R/(V" = F)

(3) Let H be the cofree cocommutative conilpotent coalgebra on a commutative k-algebra

A. This is a Hopf algebra. Show that its Dieudonn module is naturally isomorphic to

CWH(A) = colim(Wy(A) L Wa(A) L ---).

(4) Considering an abelian Hopf algebra H as a formal commutative group Spf(H*) we can
evaluate it at a finite k-algebra x and obtain an abelian group Spf(H*)(k). Express this
abelian groups functorially in terms of x and the Dieudonn module of H (without using
the inverse Dieudonn equivalence, of course).

4.3. Hopf Rings, Dieudonné Modules, and E.022%S3 exercises.

(1) Throughout we use the conventions that = (xo,z1,---2,) and Z, denotes the p-adic

integers. Let
n n—1
Wy, = wp(x) = wp(xo, 21, ,2y) = +paxi 4+ +p z,

be the n® Witt polynomial. Use the Dwork Lemma [2, Lemma 1.1] to deduce there
exists a unique polynomial

ai(xvy) € Zp[x()a Ty, 7y07y1]
such that

wn(aoa Ay, -+ ) = ’an(l') + wn(y)

(2) Use the result of the previous exercise to define a coproduct
A : Zp[w()axh o 7xn] — Zp[$07x17 Tt 7wn] & Zp[x()a T, wz'n]
by
A(.CCZ) = ai(x & 1, 1® a:)
Show that this coproduct makes Z,[xo, z1,- - , %] a bicommutative Hopf algebra over

Zy. Show also that the Witt polynoimals wy,(z) are primative [2, Lemma 1.4].
(3) Read |2, Remark 1.5]



(4) Work through the proof of and definitions involved in 2, Proposition 2.2].

(5) Work through the statement of [2, Lemma 2.5] as well as the two preceding sentences.

(6) Read [2, Lemma 1.5].

(7) Calculate the Dieudonné-module for H,(BU,F3) following [2, Example 4.12]. You will
need to use [2, Theorem 4.8].

(8) See [2, §10], and in particular, Example 10.4, for a Dieudonné perspective on the Hopf
ring of complex oriented cohomology theories (note: much of the exposition is fairly
technical, but one can see the role of the formal group laws we’ve been studying the past
few weeks fairly directly).

4.4. The connective real K-theory of Brown—Gitler spectra exercises.

(1) Work through the proof that the destabilization function e=*° : H . HF — H,HTF, is
well-defined (Lemma 6.6).

(2) Work through the proof that the destabilization function e™> : H,E — H,EQH,B(00)®
A of Definition 7.1 is well-defined (Lemma 7.2).

(3) In Section 8, Pearson uses induction to compute ko,B(2n). There are four cases: 2n =
0,2,4,6 mod 8. Try working out any of the cases on your own. Hint: 2n = 0,4 are
slightly simpler, so I’'d suggest starting there.

5. HOPF RINGS IN COHOMOLOGY

The exercises in this section are meant to introduce Hopf rings in cohomology. They accom-
pany the results of [1].

5.1. The mod-2 cohomology rings of symmetric groups exercises.

(1) Consider the Hopf ring given by the total symmetric invariants k[z]® [1, see Definition
2.1, Proposition 2.3, and Example 2.6].
(a) Compute the coproduct

2 2 2
Ag 1 (x{x2x3 + 12523 + T12223)

(b) and the product
(22z9 + T123) O 11

(c) Read the rest of [1, Example 2.6]
(2) Unpack and generalize the “linear” geometric representatives for homology classes ap-
pearing in [1, Figures 1 and 2] on pages 12 and 13 (in the arXiv version).

6. HOPF ALGEBROIDS AND COMPUTATIONS

These exercises are meant to give an introduction to working with Hopf algebroids. They
accompany [13, Appendix Al] and [5].

6.1. Hopf algebroid exercises. These exercises are meant to accompany |13, Appendix Al].

(1) Show G,,(A) = A* is corepresented by k[z*]. Use the group structure of AX to equip
k[z*] with a Hopf algebra structure.

(2) Suppose E.E is flat as a left 7, (E)-module. Check that the
(a) comultiplication

E.E -7, (EANENE)~ E,E®yp E*E,



(b) counit
e: b, F — . F
induced by the map EA E — E,
(c) left and right unites 7y, and ng corresponding to the left and right module structures
on E,FE corresponding to the left and right module structures on E,FE, and
(d) antipode S : E,E — E.FE induced by the swap map S: EAFE — EAE
satisfy the diagrams defining a Hopf algebroid.

6.2. The Cy-equivariant dual Steenrod algebra exercises.

(1) Show that the cofiber S°/a” is equivalent to X1—"7 871

anti 4°

(2) Verify that F(X"°~15%/a" X) is equivalent to X/a™.
(3) Use the relations

G=a&+1 and  a’m = um+ul + alimo

in m F(ECy,, H A H) to verify that 78 = u&; + aroéy + ati.
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